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lattice enhanced with an involution coming from the real structure.
Keywords: families of circles, real surfaces, Moebius geometry, Neron-
Severi lattice, root subsystems
MSC2010: 14P99, 51B10, 51M15, 14C20
Contents
1 Introduction 2
2 Mo¨bius geometry 7
3 Algebro geometric models 9
4 Divisor classes 11
5 Real structures 13
6 Singular types 15
7 Construction 28
8 Celestial types and Euclidean types 30






















Figure 1: A ring cyclide contains four circles through each real point. Two
of such circles are called Villarceau circles [30, 1848]. These circles can be
found in a sculpture staircase of the Strasbourg cathedral, which was built
from 1176 until 1439 [2, Fig. II.7.7]. We will analyze in Example 1 the
Neron-Severi lattice of a ring cyclide.
1 Introduction
Sir Christopher Wren discovered that a one-sheeted hyperboloid contains
two lines through each point [32, 1669]. Thus this quadric is covered by
two families of lines. Wren used his discovery for an “engine designed for
grinding hyperbolic lenses” [6, page 92]. It is now classically known that a
surface in real projective space Pn, that contains at least two lines through a
general point is, up to projective equivalence, either P2 or a hyperboloid of
one sheet in P3. If we consider circles instead of lines, then it is more natural
to consider instead of Pn the Mo¨bius quadric:
Sn := { x ∈ Pn+1 | − x20 + x21 + . . .+ x2n = 0 }.
The Mo¨bius automorphisms are defined as Aut(Sn) ⊂ Aut(Pn+1) and a circle
is defined as an irreducible conic in Sn that contains real points. We define
a real algebraic variety X as a complex variety together with an antiholo-
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morphic involution σ : X −→ X [25, Proposition I.1.3]. Unless explicitly
stated otherwise, we assume that maps of varieties are compatible with σ.
We assume that a surface in Pn, Sn or Rn is not contained in a hyperplane
section, unless explicitly stated otherwise. We call a surface λ-circled if it
contains exactly λ circles through a general real point. A celestial surface is
a λ-circled surface X ⊆ Sn such that λ ≥ 2. The celestial type of a λ-circled
surface X ⊆ Sn of degree d is defined as T(X) := (λ, d, n). For example the
ring cyclide in Figure 1 has celestial type (4, 4, 3).
In Theorem 3 we classify celestial surfaces in Sn up to their Mo¨bius invariant
Neron-Severi lattices (see Definition 1). There are 19 different isomorphism
classes of Neron-Severi lattices and in some cases these classes represent nat-
ural families of Mo¨bius equivalence classes (see Remark 4). Moreover, these
lattices reveal geometric aspects of the underlying surface (see Lemma 2). In
§7 we provide methods for constructing celestial surfaces. Implementations
of the methods can be found at [19, orbital].
Suppose that X ⊂ Sn is a celestial surface. We summarize what is known in
the literature about its celestial type (λ, d, n). If n = 3 and X is enveloped
by spheres in two different ways, then (λ, d) ∈ {(2, 4), (4, 4)} [10, 1822]. If
X is a ring torus, then (λ, d, n) = (4, 4, 3) [30, 1848]. If (d, n) = (4, 3), then
λ ≤ 10 [7, 1880]. If n ≤ 3 and { p ∈ X | σ(p) = p } is a manifold, then either
λ = ∞ or λ ≤ 6 [4, 1980][28, 1987]. If n = 3 and { p ∈ X | σ(p) = p } is a
manifold that is covered by orthogonal families of circles, then (λ, d) = (4, 4)
[13, 1995]. We know from [24, 2000] that λ ≤ 10 and d, n ≤ 8. If λ =∞ and
n 6= 2, then n = 4 and X is unique up to Mo¨bius equivalence [14, 2016]. In
Theorem 1 we confirm [4, Blum’s Conjecture] which states that either λ =∞
or λ ≤ 6. Moreover, Theorem 1 answers a question from [23, Section 5]: if
2 < λ <∞, then either (d, n) = (4, 3) or d = 6 and 4 ≤ n ≤ 5.
Theorem 1. (celestial types)
If X ⊆ Sn is a celestial surface, then its type T(X) must be in the following
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table and for each type in the table there exists a celestial surface of that type.
S7 : (2, 8, 7) S4 : (∞, 4, 4), (2, 6, 4), (3, 6, 4), (2, 8, 4)
S6 : (2, 8, 6) S3 : (λ, 4, 3) for 2 ≤ λ ≤ 6, (2, 8, 3)
S5 : (2, 6, 5), (3, 6, 5), (2, 8, 5) S2 : (∞, 2, 2)
If T(X) is has value either (∞, 2, 2), (∞, 4, 4), (λ, 4, 3), (2, 8, n) or (λ, 6, n)
for some λ, n ≥ 2, then X is a 2-sphere, Veronese surface, Darboux cyclide,
(projection of) double Segre surface or (projection of) weak sextic del Pezzo
surface respectively. See Remark 1 for the names. C
The singular locus of a celestial surface is a Mo¨bius invariant. The following
statement is corollary of Theorem 1 and Theorem 3 and is an extension of
[29, Theorem 6.6]:
Corollary 1. (singular locus of normal celestial surfaces)
If a celestial surface X ⊆ Sn is not the linear projection of a surface in Pn+2,
then its celestial type and singular locus are in Table 7.
Celestial surfaces in S3 are classified in [26, Main Theorem 1.1] into three
classes. The following corollary of Theorem 1 and Theorem 3 provides a
solution for [26, Problem 5.6]. See [21, Theorem 1.1] for n ≤ 3.
Corollary 2. (surfaces that are covered by lines and circles)
A surface in Rn that contains a line and a circle through a general real point
is characterized by a row in Table 8.
If X ⊂ S3 is a Darboux cyclide, then hexagonal webs of circles on X are clas-
sified in [23, Theorem 17]. From Theorem 1 and [18, Corollary 1] we obtain
the following corollary which generalizes [23] and addresses the Blaschke-Bol
problem [3, §3, Aufgabe 1, page 31]. See Figure 3 for examples of hexagonal
webs.
Corollary 3. (hexagonal webs of circles)
A hexagonal web of circles in Sn covers either one of the following surfaces:
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1. Two dimensional sphere of type (∞, 2, 2).
2. Darboux cyclide of type (λ, 4, 3) with 3 ≤ λ ≤ 6.
3. Veronese surface of type (∞, 4, 4).
4. Del Pezzo surface of type (3, 6, 4).
5. Del Pezzo surface of type (3, 6, 5). C
Notation 1. We use the following shorthand notation for quadric surfaces:
EH1 (Elliptic Hyperboloid of one sheet), EH2 (Elliptic Hyperboloid of two
sheets), CH1 (Circular Hyperboloid of one sheet), CH2 (Circular Hyper-
boloid of two sheets), NE (Non-rotational Ellipsoid), RE (Rotational Ellip-
soid), EO (Elliptic cOne), CO (Circular cOne), EP (Elliptic Paraboloid),
CP (Circular Paraboloid), EY (Elliptic cYlinder), CY (Circular cYlinder),
HP (Hyperbolic Paraboloid). See also Proposition 2 and Table 9. C
Remark 1. (names of celestial surfaces)
We recall coordinate free definitions of the classic surfaces we consider.
A Darboux cyclide is a surface of celestial type (λ, 4, 3) for some λ (see Fig-
ure 2). Blum introduced the name Persues cyclide in case λ = 5 [4, 1980].
Dreibelbis introduced the name Blum cyclide in case λ = 6 [9, website]. A
Darboux cyclide without real singular points such that λ = 4 is called a ring
cyclide (Figure 1). For Darboux cyclides that are the inverse stereographic
projections of the quadrics we use Notation 1. A CO cyclide and CY cyclide
are also known as a spindle cyclide and horn cyclide respectively (Figure 2).
A Dupin cyclide in S3 is a celestial that is enveloped by a 1-parameter family
of spheres in two different ways and is either a ring cyclide, spindle cyclide
or horn cyclide [10, 1822]. A nS cyclide is a Darboux cyclide that consist of
1 ≤ n ≤ 2 topological spheres.
In Figure 3 we see examples of celestial surfaces that are not Darboux cy-
clides. The Veronese surface is the Veronese embedding of P2 into P5. The
double Segre surface (or Veronese-Segre surface) is the Veronese-Segre em-
bedding of P1 × P1 into P8 [8, Section 8.4.1]. The octic celestial surfaces
5
of Figure 4 and Figure 3 are projections of the double Segre surface in P8.
Celestial surfaces that are (weak) del Pezzo surfaces are denoted by (weak)
dPµ where µ denotes the degree of the surface (see Definition 2).
The name “celestial” is inspired by a model where planetary orbits are de-
scribed by circles in 4-dimensional space [1]; A “celestial” is anything, which
allows multiple ways for planets to move, in other words, a celestial is what
carries many circles. C
Celestial surfaces in S3 can, via the stereographic projection, be realized as
surfaces in Euclidean 3-space, that are the union of circles in two different
ways. The Euclidean type of a surface is the pair of numbers (d, c), where d is
the degree and c is the cyclicity of the surface (see §2). Theorem 2 classifies
such pairs for celestial surfaces in S3. In Figure 4 we see the Euclidean types
of four stereographic projections of some fixed celestial surface in S3.
Theorem 2. (Euclidean types)
If S ⊆ Rn for n ≤ 3 is a surface that contains λ ≥ 2 circles through a general
real point, then its Euclidean type (d, c) is in the following table:
(d, c) 2(d− c) λ
(1, 0), (2, 1) 2 ∞
(2, 0), (3, 1), (4, 2) 4 [2− 6]
(4, 0), (6, 2), (7, 3), (8, 4) 8 2
Each Euclidean type in the table is realized by some surface S ⊆ Rn that
contains λ circles through each real point. The middle column denotes the
degree of the inverse stereographic projection of S into Sn. C
Notice that we may conclude from Theorem 2 that there do not exists quintic
surfaces in R3 that are covered by two families of circles.
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2 Mo¨bius geometry
In order to study surfaces in Rn that are a union of circles we consider the
largest group of transformations that preserve circles, which are the Mo¨bius
transformations. For this purpose we consider the unit-sphere Sn ⊂ Rn+1,
which is topologically a one-point compactification of Rn so that Sn = Rn ∪
{p∞}. In turn we consider Sn embedded into into its projective closure Sn.
Circles in Sn are exactly irreducible conics. Thus Sn is a compactification of
Rn with the property that Aut(Sn) are exactly the Mo¨bius transformations.
Circles in Sn that contain p∞ correspond lines in Rn. Notice how p∞ can be
Mo¨bius transformed inside and outside of Rn ⊂ Sn.
An alternative compactification of Rn is its projective closure Pn. In this
case, Aut(Pn) is the largest group that preserves lines. Since we work with
circles we fix a quadric (n− 2)-fold in Pn that does not contain real points.
We may assume without loss of generality that this Euclidean absolute is
defined as
Un := { y ∈ Pn | y0 = y21 + . . .+ y2n = 0 }.
The Euclidean similarities are defined as { ϕ ∈ Aut(Pn) | ϕ(Un) = Un }.
Circles in this Pn-model correspond to irreducible conics that intersect Un
in two points (counted with multiplicity). More generally, m-spheres corre-
spond to irreducible m-quadrics that intersect Un in an (m−1)-quadric with
multiplicity one. If X ⊂ P3 is a surface of degree d, then the multiplicity c
of the conic U3 in X is called the cyclicity of X. The Euclidean type of X is
defined as the tuple (d, c).
The discussed models Sn and Pn are so called Cayley-Klein models for Mo¨bius
geometry and Euclidean geometry respectively. The stereographic projection
τ : Sn 99K Pn is a linear projection map with center p∞ ∈ Sn and relates the
Cayley-Klein models. It was known to Hipparchus (190-120 BC) that this
projection preserves circles. We make a choice of coordinates so that
τ : Sn 99K Pn, (x0 : . . . : xn+1) 7→ (x0 − xn+1 : x1 : . . . : xn),
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with inverse τ−1 : Pn 99K Sn,
(y0 : . . . : yn) 7→ (y20 + y21 + . . .+ y2n : 2y0y1 : . . . : 2y0yn : −y20 + y21 + . . .+ y2n).
Notice that τ−1 is not defined at the Euclidean absolute and its restriction
to Rn ⊂ Pn realizes the embedding Rn ⊂ Sn algebraically.
Proposition 1. (degree of surfaces in Sn)
a) If Z ⊂ P3 is of Euclidean type (d, c), then deg τ−1(Z) = 2(d− c).
b) If X ⊆ Sn is a surface, then the degree of X is even.
Proof. a) Let Γ denote the linear series associated to τ−1 : P3 99K S3. We
denote the Zariski closed image by M := τ−1(Z). The base locus of Γ is
exactly the Euclidean absolute conic U3 and thus the general hyperquadric
in Γ is a sphere. By definition, degM is the number of intersections of
M ⊂ S3 ⊂ P4 with two general hyperplanes [11, Section I.7]. The pullback
of two general hyperplane sections of S3 along τ−1, are general spheres S
and S ′ in Γ so that degM = |{ p ∈ Z ∩ S ∩ S ′ | p /∈ U3 }|. One has
S ∩ S ′ = C ∪ U3 where C is a circle. If U3 * Z, then the degree of M is
equal to the intersection product of cycles corresponding to C and Z in the
Chow ring of P3 so that [C] · [Z] = 2d by Bezout’s theorem. We remark that
by generality assumptions, [C] · [Z] is equal to the set-theoretic cardinality
of C ∩ Z. If U3 ⊂ Z, then degM = [C] · [Z]− [C] · [Z] · [U3]. This concludes
the proof of this claim, since [C] · [Z] · [U3] = 2c as we count each of the two
intersections of C with U3 with multiplicity c.
b) Suppose by contradiction that X is of odd degree. The intersection of
X ⊂ Pn+1 with the hyperplane at infinity is an odd degree curve so that
it contains real points. We consider Pn+1 as the projective compactification
of Rn+1 and thus X is not compact in the Euclidean topology. This is a
contradiction since X \Un+1 is by assumption contained in the compact unit
sphere Sn.
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3 Algebro geometric models
The smooth model of a surface X ⊂ Pn+1 is a birational morphism Y −→ X
from a nonsingular surface Y , that does not contract exceptional curves. We
introduce some notation for the smooth models used in this paper. Let Lm
denote P2 blown up in 9−m points with 1 ≤ m ≤ 8. Let Pm denote P1×P1
blown up in 8−m points with 1 ≤ m ≤ 7. Let Fm denote the smooth model
of a Hirzebruch surface of degree m ≥ 0. Notice that P8 = F0 = P1 × P1,
L8 = F1 and L9 = P2.
Definition 1. (Neron-Severi lattice)
The Neron-Severi lattice N(X) of an algebraic surface X ⊂ Pn consists of
the following data:
1. A unimodular lattice defined by divisor classes — modulo numerical
equivalence — on the smooth model Y of X.
2. Two distinguished classes h, k ∈ N(X) corresponding to the class of
hyperplane sections and the canonical class respectively.
3. A unimodular involution σ∗ : N(X) −→ N(X) such that σ∗(k) = k
induced by the real structure σ of X (see §1).
4. A function h0 : N(X) −→ Z≥0 assigning the dimension of global sec-
tions of the line bundle associated to a class. C
In this paper we consider the following generators of Neron-Severi lattices:
N(L9−r) = 〈 e0, e1, . . . , er 〉Z or N(P8−r) = 〈 `0, `1, ε1, . . . , εr 〉Z, (1)
where the only non-zero intersection numbers between generators are `0 ·`1 =
1, ε2i = −1, e20 = 1 and e2i = −1 for 1 ≤ i ≤ r ≤ 7. It is known that
−3e0 + e1 + . . .+ er and −2(`0 + `1) + ε1 + . . .+ εr are the canonical classes of
L9−r and P8−r respectively. Both L9−r and P8−r are smooth models of weak
del Pezzo surfaces if the centers of blowup are in general enough position.
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Definition 2. (weak del Pezzo surface)
We call X ⊂ Pn+1 a weak del Pezzo surface if its anticanonical class −k is nef
and big and if h = −αk is its class of hyperplane sections for some α ∈ Q>0.
The canonical degree of X is defined as k2. If −k is also ample, then we
say that X is a (non-weak) del Pezzo surface. We denote a weak del Pezzo
surface of anticanonical degree µ by weak dPµ and a (non-weak) del Pezzo
surface of anticanonical degree µ is denoted by dPµ. C
A pair of a surface X ⊂ Pn+1 is defined as (Y, h), where Y is the smooth
model of X and h ∈ N(X) is the class of hyperplane sections. For example,
if X has pair (Pm,−k) and Pm is the blowup of P1 × P1 in 0 ≤ 8 −m ≤ 4
points that are in almost general position, then X is a weak del Pezzo surface
of degree k2 = m. In particular, at most two centers of blowup are allowed
to lie in a fiber of a projection P1 × P1 −→ P1, otherwise −k would not be
nef.
Surfaces that admit at least two families of conics are classified in [24, The-
orem 8 and Proposition 1]. In the following lemma we additionally assume
that the surfaces with many conics are embedded in Sn, and therefore do not
contain real lines.
Lemma 1. (pairs of celestial surfaces)





















Proof. By assumption, the surface X ⊆ Sn ⊂ Pn+1 with pair (X, h) contains
two conics through a general point. Since Sn is compact, it follows that X is
not geometrically ruled. By Proposition 1 the degree of X is even so that h2
is even. This lemma now follows from [16, Corollary 2].
If X ⊂ Sn is weak dP4 or dP8, then X is a Darboux cyclide or a (projection
of) a double Segre surface respectively.
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4 Divisor classes
Suppose that X ⊂ Pn+1 is a surface. We use the same notation as in [18,
Section 4]. We shall denote the class of curve C ⊂ X by [C] ∈ N(X). The
class of a family of curves on X is the class of any curve in this family. We
call a divisor class c ∈ N(X) indecomposable if h0(c) > 0 and there do not
exist nonzero a, b ∈ N(X) such that c = a+b, h0(a) > 0 and h0(b) > 0. Thus
indecomposable classes are effective and cannot be written as a non-trivial
sum of effective classes.
We introduce some notation for subsets of classes in N(X):
R(X) := { c ∈ N(X) | − k · c = 0 and c2 = −2 } ((−2)-classes),
E(X) := { c ∈ N(X) | − k · c = 1 and c2 = −1 } ((−1)-classes),
F (X) := { c ∈ N(X) | − k · c = 2 and c2 = 0 },
B(X) := { c ∈ R(X) | c is indecomposable },
E?(X) := { c ∈ E(X) | c · r ≥ 0 for all r ∈ B(X) },
F?(X) := { c ∈ F (X) | c · r ≥ 0 for all r ∈ B(X) },
ER(X):= { c ∈ E?(X) | σ∗(c) = c },
FR(X):= { c ∈ F?(X) | σ∗(c) = c },
G(X) := { c ∈ N(X) | c is the class of a family of circles }.
The incidence graph of B(X) is a graph whose vertices are defined by the
classes in B(X). There is an edge between classes if and only if their inter-
section product is nonzero. We call G ⊆ B(X) a component if its elements
define the vertices of an irreducible component of the incidence graph of
B(X).
Suppose that Y is the smooth model of X ⊂ Pn+1. The linear normalization
XN ⊂ Pm of X with m ≥ n + 1 is defined as the image of Y via the map
associated to the complete linear series of hyperplane sections of X. Thus X
is a linear projection of XN and XN is unique up to projective equivalence.
For example, if X is a weak del Pezzo surface such that 3 ≤ k2 ≤ 8 and
h = −k, then XN := ϕh(Y ) ⊂ Pk2 is called the anticanonical model of X.
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The class of an isolated singularity of XN is the class of a (possibly reducible)
curve in the smooth model Y that is orthogonal to the class of hyperplane
sections. This curve is contracted via Y −→ XN to an isolated singularity.
Lemma 2. (classes of isolated singularities, lines and circles)
Suppose that X ⊂ Sn is a celestial surface with pair (Pm,−k) for some
m ∈ {4, 6, 8}. We consider classes in N(X) of curves with respect to the
generators specified in (1). We shall denote by (∗): “up to permutation of
the generators ε1, . . . , ε4 and up to switching generators `0 and `1”.
a) A class in R(X) is via (∗) either
`0− `1, ε1− ε2, ±(`0− ε1− ε2) or ± (`0 + `1− ε1− ε2− ε3− ε4).
If c ∈ B(X), then h0(c) = 1. Moreover, isolated singularities in XN
are in one to one correspondence with the components of B(X).
b) A class in E(X) is via (∗) either
ε1, `0 − ε1 or `0 + `1 − ε1 − ε2 − ε3.
We have ER(X) = ∅ and h0(c) = 1 for all c ∈ E?(X). Moreover,
c ∈ E?(X) if and only if c = [L] for a complex line L ⊂ XN .
c) A class in F (X) is via (∗) either
`0, `0 + `1 − ε1 − ε2 or 2`0 + `1 − ε1 − ε2 − ε3 − ε4.
We have G(X) = FR(X) and h
0(c) = 2 for all c ∈ F?(X). Moreover,
c ∈ F?(X) if and only if c = [C] for a (complex) circle C ⊂ X that is
the linear projection of a conic in XN .
Proof. Notice that N(X) ⊆ 〈`0, `1, ε1, ε2, ε3, ε4〉Z. For given α, β ∈ Z we can
compute all classes c ∈ N(X) of curves so that (−k · c, c2) = (α, β) using
Cauchy-Schwarz inequality and we listed the output of these computations
(see [15, Algorithm 1]). This lemma now follows from [18, Proposition 3].
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5 Real structures
Suppose that X ⊆ Sn is a celestial surface. It follows from Lemma 1 that
celestial surfaces are weak del Pezzo surfaces. The involution σ∗ : N(X) −→
N(X) induces an involution on the inner product space V := N(X) ⊗Z R.
The eigenvalues of an involution are either 1 or −1. The eigenvectors of −1
must be orthogonal to k, since σ∗(k) = k. The set R(X) of (-2)-classes forms
a root system in the inner product space { v ∈ V | k · v = 0 }. If X has pair
(L9,−23k), (P8,−12k), (P8,−k), (P6,−k) or (P4,−k), then the Dynkin type
of the root system formed by the (-2)-classes is A0 := ∅, A1, A1, A1 +A2 and
D5 respectively [31, Table 1]. The intersection of such a root system with the
eigenspace of −1 of the involution V −→ V is a root subsystem. The type
of σ∗ is defined as the Dynkin type of this root subsystem. The type of σ∗
is invariant under conjugation of σ∗ in the group of isomorphisms of N(X)
and is classified in [31, Theorem 2.1].
The following lemma gives, up to conjugacy, an explicit description of all
possible real structures of celestial surfaces and classes in G(X).
Lemma 3. (real structures of celestial surfaces)
If X ⊆ Sn is a celestial surface, then X is either:
1. A Veronese surface with pair (L9,−23k), where N(L9) = 〈e0〉Z and
σ∗(e0) = e0 so that σ∗ is of type A0 and G(X) = {e0} with h0(e0) = 3.
2. The sphere S2 with pair (P8,−12k), where N(P8) = 〈`0, `1〉Z and σ∗(`0) =
`1 so that σ∗ is of type A1 and G(X) = {`0 + `1} with h0(`0 + `1) = 4.
3. A dP8 with pair (P8,−k), where N(P8) = 〈`0, `1〉Z and σ∗(`i) = `i for
i ∈ {0, 1} so that σ∗ is of type A0 and G(X) = { `0, `1 }.
4. A (weak) dP6 with pair (P6,−k), where N(P6) = 〈`0, `1, ε1, ε2〉Z, σ∗(`i) =
`i for i ∈ {0, 1} and σ∗(ε1) = ε2 so that σ∗ is of type A′1 and G(X) ⊆
{ `0, `1, `0 + `1 − ε1 − ε2 }.
5. A weak dP4 with pair (P4,−k), where N(P4) = 〈`0, `1, ε1, ε2, ε3, ε4〉Z
and σ∗ maps the generators (`0, `1, ε1, ε2, ε3, ε4) to either
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2A1: (`0, `1, ε2, ε1, ε4, ε3),
3A1: (`1, `0, ε2, ε1, ε4, ε3) or
D4: (`0 + 2`1 − ε1 − . . .− ε4, `1, `1 − ε1, `1 − ε2, `1 − ε3, `1 − ε4).
Elements of G(X) depend on the type of σ∗ and are either
2A1: G(X) ⊆ { `0, `1, `0 + `1− ε1− ε2, `0 + `1− ε3− ε4, 2`0 + `1− ε1−
ε2 − ε3 − ε4, `0 + 2`1 − ε1 − ε2 − ε3 − ε4 },
3A1: G(X) = { `0 + `1 − ε1 − ε2, `0 + `1 − ε3 − ε4 }, or
D4: G(X) = { `1, 2`0 + `1 − ε1 − ε2 − ε3 − ε4 }.
Proof. We make a case distinction on the pairs in Lemma 1. The proof for
case 1, 2 and 3 is straightforward and left to the reader.
Suppose that X has pair (P4,−k). Recall from (1) that N(P4) is generated
by 〈`0, `1, ε1, ε2, ε3, ε4〉Z. We want to determine up to conjugacy all possible
unimodular involutions σ∗ : N(P4) −→ N(P4). The (-2)-classes in N(P4)
form a root system with Dynkin type D5. As discussed at the beginning
of this section, we can associate to σ∗ a root subsystem of D5 and this root
subsystem is invariant under conjugation (see also [18, Proposition 1d]). The
Dynkin types of root subsystems ofD5 are A0, A1, 2A1, 2A
′
1, A2, 3A1, A2+A1,
A3, A
′
3, 4A1, A2 + 2A1, A3 + A1, A4, D4, A3 + 2A1 and D4 (see for example
[8, Section 8.6.3]). Not all of these root subsystems define a unimodular
involution [31, Theorem 2.1]. We make a case distinction on each of these
root subsystems and construct, if possible, a unimodular involution σ∗ such
that this involution has the type of the root subsystem.
Let us start with root subsystem D4 of the root system D5. Up to isomor-
phism of root subsystems we may assume that the set { `1− ε1− ε2, ε1− ε2,
ε2−ε3, ε3−ε4 }, forms a root base for the D4 root system. Let B in Table 1 be
the matrix whose four columns correspond to the generators of this root base.
These columns correspond to eigenvectors for the eigenvalue −1 of σ∗. Let J
in Table 1 define the intersection product with respect to the basis 〈 `0, `1, ε1,
ε2, ε3, ε4 〉Z. Let V in Table 1 be matrix B appended with two column vectors
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that generate the kernel of B>J . The appended two columns are eigenvectors
for the eigenvalue 1 of σ∗. Let D be the diagonal matrix with eigenvalues
B=

0 0 0 0
1 0 0 0
−1 1 0 0
−1 −1 1 0
0 0 −1 1




0 1 0 0 0 0
1 0 0 0 0 0
0 0 −1 0 0 0
0 0 0 −1 0 0
0 0 0 0 −1 0




0 0 0 0 2 0
1 0 0 0 0 1
−1 1 0 0 −1 0
−1 −1 1 0 −1 0
0 0 −1 1 −1 0




(−1,−1,−1,−1, 1, 1) on the diagonal. We denote the matrix corresponding
to σ∗ by M . Since M · V = V · D it follows that V · D · V −1 is the matrix
corresponding to involution σ∗, that sends the generators (`0, `1, ε1, ε2, ε3, ε4)
to (`0 + 2`1 − ε1 − ε2 − ε3 − ε4, `1, `1 − ε1, `1 − ε2, `1 − ε3, `1 − ε4) as stated
in this lemma. Since X contains two circles through a general real point and
no real lines, it follows from Lemma 2 that G(X) = FR(X), |FR(X)| ≥ 2
and |ER(X)| = 0. We check all possible classes of (complex) lines and cir-
cles as listed in Lemma 2[b,c]. For FR(X) we find that σ∗(`1) = `1 and
σ∗(2`0 + `1 − ε1 − ε2 − ε3 − ε4) = 2`0 + `1 − ε1 − ε2 − ε3 − ε4. Moreover,
there exists no class c ∈ E?(X) of a line so that σ∗(c) = c. This concludes
the proof of this lemma for the case that σ∗ has type D4.
The remaining cases are similar and left to the reader. See also [18, Exam-
ple 2] for the case when X has pair (P6,−k).
6 Singular types
Suppose that X ⊆ Sn ⊂ Pn+1 is a celestial surface. Recall from Lemma 1
that celestial surfaces are weak del Pezzo surfaces. The incidence diagram
of a component G ⊆ B(X) as defined in §4 is a Dynkin diagram [8, Sec-
tion 8.2.7]. We define the type of B(X) as the sum of the Dynkin types of
its components. If σ∗(G) = G, then it follows from Lemma 2a that this com-
ponent corresponds to a real isolated singularity in the linear normalization
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XN . We will denote this by underlining its type. The singular type of X is
defined as (T1, T2) where T1 is the type of σ∗ and T2 is the type of B(X). For
example, if X is of singular type (2A1, A1), then σ∗ has type 2A1 and B(X)
consists of a single class that is send to itself by σ∗. Recall that Lemma 3
gives in this case an explicit coordinate description of σ∗. We will see that, a
posteriori, the singular type of a celestial determines its Neron-Severi lattice
up to isomorphism.
Before we classify singular types of celestial surfaces, we first classify quadric
surfaces up to Euclidean similarity.
Remark 2. Notice that if we choose a real isolated singularity p ∈ X of
a quartic celestial surface X ⊂ S3 as the center of stereographic projection
τ : S3 99K P3, then τ(X) is a quadric surface. Circles in X that meet p
are projected to lines. If center p is the unique real isolated singularity of
X ′ ⊂ S3, then X ′ is Mo¨bius equivalent to X if and only τ(X) is Euclidean
similar to τ(X ′). C
The following proposition is probably classically known, but we include a
proof because of lack of reference. Moreover, the proof method is in the
spirit of this paper and is meant to be instructive.
Proposition 2. (classification of quadric surfaces)
We consider P3 as the projective model of Euclidean 3-space (see §2). An
irreducible quadric surface Q := { x ∈ P3 | q(x) = 0 } is up to Euclidean
similarity defined by exactly one row of Table 9.
Proof. The hyperplane at infinity H∞ ⊂ P3 is defined as the hyperplane
that contains the Euclidean absolute U3 ⊂ P3. The Euclidean similarities
act on H∞ as the orthogonal group. It follows that we can diagonalize the
quadratic form associated to Q ∩H∞. Thus we may assume up to rotations
and translations that q(x) is of the form
q(x) = a1 x
2
1 + a2 x
2
2 + a3 x
2
3 + x0 (b0 x0 + b1 x1 + b2 x2 + b3 x3), (2)
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(H1) (H2) (H3) (H4) (H5) (H6)
Q ∩H∞ = U3 |Q ∩ U3| = 4 |Q ∩ U3| = 2 |Q ∩ U3| = 4 |Q ∩ U3| = 2 |Q ∩ U3| = 2
Table 2: Intersections of quadrics with hyperplane at infinity.
for a1, a2, a3, b1, b2, b3 ∈ R.
We make a case distinction on the curve Q ∩H∞ and U3 ∩ Q as illustrated
in Table 2. Notice that these intersections are invariant under Euclidean
similarities, since the conic U3 ⊂ H∞ is invariant by definition.
Similar as in Lemma 3, we make an additional case distinction on the pair
and real structure of Q, which are both projective invariants.
(S1) Q is smooth with pair (F0,−12k) and Q has by (1) Neron-Severi lattice
N(Q) = 〈`0, `1〉Z. There are two choices for σ∗ : N(Q) −→ N(Q):
(a) σ∗(`i) = (`i) for i ∈ {0, 1} or (b) σ∗(`0) = `1.
(S2) Q is singular with pair (F2,−12k) where Q has Neron-Severi lattice
N(Q) = 〈g0, g1〉Z with g20 = 0, g21 = 2, g0 · g1 = 1, k = −2g1 and σ∗ is
the identity.











2 − x23, a1x21 + a2x22, a1x21 − a2x22 or x21,
for a1, a2 ∈ R>0. We separated the rows of Table 9 according to these 5 cases.
If ai 6= 0 in (2), then bi = 0 after the translation xi 7→ xi− bi2ai x0 for 1 ≤ i ≤ 3.
After an Euclidean similarity we may assume that b0 ∈ {−1, 0, 1}. If ai = 0
and bi 6= 0 for i ∈ {2, 3}, then b0 = 0 after the translation xi 7→ xi − 1b0 x0.
Notice that a1 6= a2, a1 = a2 6= 1 and a1 = a2 = 1 are, a priori, treated as
distinct cases with respect to (H1-H5). It follows that the first column of
Table 9 lists, up to Euclidean similarity, all possible q(x).
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(H1) (H2) (H3) (H4) (H5) (H6)
(S1a) ×× EH1 CH1 HP ×× ××
(S1b) S2, M3 NE, M1, EH2 RE, M2, CH2 EP CP ××
(S2) N3 N1, EO N2, CO EY, N4, HY CY, N5 PY
Table 3: Each entry corresponds to a row in Table 9. A row belongs to
either case (S1a), (S1b) or (S2) with corresponding case in Table 2. We
used the following shorthand notation: Mi=empty-i and Ni=point-i for i ∈
{1, 2, 3, 4, 5}. The××-entries indicate that the case is not possible.
Let us consider the row in Table 9 corresponding to EH1. We see from the
equation that we are in case (H2) with (S1a). A family of planes, that contain
a line spanned by two complex points in Q ∩ U3, defines a family of circles
on Q. There are two pairs of complex conjugate points in Q ∩ U3 so that
#circles=2. Since Q is smooth it contains two lines through each point with






pairs of points in Q∩U3 and thus Q contains over C six circles and two lines
through a general point so that #f(C) = 8.
Let us consider the row in Table 9 corresponding to CH2. We see from the
equation that we are in case (H3) with (S1b) so that #lines=0. The family
of planes, that contain the real line spanned by the two complex conjugate
points in Q ∩ U3 — or — the two complex conjugate lines that are tangent
to both Q and U3, define a family of circles on Q. It follows that #circles=1
and #f(C) = 2 + 3 = 5, as over C there are two families of lines and three
families of circles.
We treat the other rows analogously so that we obtain Table 3. We leave the
details of the remaining cases to the reader and conclude the proof of this
proposition.
Lemma 4. (classification of quartic celestial surfaces)
The singular type of a celestial surface X ⊂ S3 with pair (P4,−k), deter-
mines its Neron-Severi lattice N(X) up to isomorphism and is either one of
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the following 14 cases enumerated below. We include for each case the sets
B(X), E?(X), F?(X) ⊂ N(X), where a listed class is send by σ∗ to itself if
underlined and is send to its neighbour otherwise. Moreover, we include the
name of X as specified in Remark 1. See Lemma 2 for a geometric inter-
pretation of the listed classes. See Lemma 3 for an explicit description of σ∗
acting on basis (1).
1. (D4, A0). 2S cyclide. B(X) = ∅. E?(X) = { ε1, `1 − ε1, ε2, `1 − ε2, ε3, `1 − ε3,
ε4, `1 − ε4, `0 − ε1, `0 + `1 − ε2 − ε3 − ε4, `0 − ε2, `0 + `1 − ε1 − ε3 − ε4, `0 − ε3,
`0+ `1− ε1− ε2− ε4, `0− ε4, `0+ `1− ε1− ε2− ε3 }. F?(X) = { `0, `0+2`1− ε1−
ε2 − ε3 − ε4, `0 + `1 − ε1 − ε2, `0 + `1 − ε3 − ε4, `0 + `1 − ε1 − ε3, `0 + `1 − ε2 − ε4,
`0 + `1 − ε1 − ε4, `0 + `1 − ε2 − ε3, `1, 2`0 + `1 − ε1 − ε2 − ε3 − ε4 }.
2. (3A1, A0). 1S cyclide. B(X) = ∅. E?(X) = { ε1, ε2, ε3, ε4, `0−ε1, `1−ε2, `0−ε2,
`1− ε1, `0− ε3, `1− ε4, `0− ε4, `1− ε3, `0+ `1− ε1− ε2− ε3, `0+ `1− ε1− ε2− ε4,
`0 + `1 − ε2 − ε3 − ε4, `0 + `1 − ε1 − ε3 − ε4 }. F?(X) = { `0, `1, `0 + `1 − ε1 − ε2,
`0 + `1 − ε3 − ε4, `0+`1−ε1−ε3, `0+`1−ε2−ε4, `0+`1−ε1−ε4, `0+`1−ε2−ε3,
2`0 + `1 − ε1 − ε2 − ε3 − ε4, `0 + 2`1 − ε1 − ε2 − ε3 − ε4 }.
3. (3A1, A1). NE cyclide or EH2 cyclide. B(X) = { `0 + `1 − ε1 − ε2 − ε3 − ε4 }.
E?(X) = { ε1, ε2, ε3, ε4, `0 − ε1, `1 − ε2, `0 − ε2, `1 − ε1, `0 − ε3, `1 − ε4, `0 − ε4,
`1 − ε3 }. F?(X) = { `0, `1, `0 + `1 − ε1 − ε2, `0 + `1 − ε3 − ε4, `0 + `1 − ε1 − ε3,
`0 + `1 − ε2 − ε4, `0 + `1 − ε1 − ε4, `0 + `1 − ε2 − ε3 }.
4. (3A1, A2). EP cyclide. B(X) = { `0 − ε1 − ε3, `1 − ε2 − ε4 }. E?(X) = { ε1, ε2,
ε3, ε4, `0 − ε2, `1 − ε1, `0 − ε4, `1 − ε3 }. F?(X) = { `0, `1, `0 + `1 − ε1 − ε2,
`0 + `1 − ε3 − ε4, `0 + `1 − ε1 − ε4, `0 + `1 − ε2 − ε3 }.
5. (2A1, A0). Blum cyclide. B(X) = ∅. E?(X) = { ε1, ε2, ε3, ε4, `0 − ε1, `0 −
ε2, `0 − ε3, `0 − ε4, `1 − ε1, `1 − ε2, `1 − ε3, `1 − ε4, `0 + `1 − ε1 − ε2 −
ε3, `0 + `1 − ε1 − ε2 − ε4, `0 + `1 − ε1 − ε3 − ε4, `0 + `1 − ε2 − ε3 − ε4 }.
F?(X) = { `0, `1, `0 + `1 − ε1 − ε2, `0 + `1 − ε3 − ε4, 2`0 + `1 − ε1 − ε2 − ε3 − ε4,
`0 + 2`1 − ε1 − ε2 − ε3 − ε4, `0 + `1 − ε1 − ε3, `0 + `1 − ε2 − ε4, `0 + `1 − ε1 − ε4,
`0 + `1 − ε2 − ε3 }.
6. (2A1, A1). EH1 cyclide. B(X) = { `0 − ε1 − ε2 }. E?(X) = { ε1, ε2, ε3, ε4, `0−ε3,
`0−ε4, `1−ε1, `1−ε2, `1−ε3, `1−ε4, `0+`1−ε1−ε3−ε4, `0+`1−ε2−ε3−ε4 }.
F?(X) = { `0, `1, `0 + `1 − ε3 − ε4, `0 + 2`1 − ε1 − ε2 − ε3 − ε4, `0 + `1 − ε1 − ε3,
`0 + `1 − ε2 − ε4, `0 + `1 − ε1 − ε4, `0 + `1 − ε2 − ε3 }.
7. (2A1, 2A1). EO cyclide. B(X) = { `0 − ε1 − ε2, `0 − ε3 − ε4 }. E?(X) = { ε1, ε2,
ε3, ε4, `1−ε1, `1−ε2, `1−ε3, `1−ε4 }. F?(X) = { `0, `1, `0 + 2`1 − ε1 − ε2 − ε3 − ε4,
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`0 + `1 − ε1 − ε3, `0 + `1 − ε2 − ε4, `0 + `1 − ε1 − ε4, `0 + `1 − ε2 − ε3 }.
8. (2A1, A2). HP cyclide. B(X) = { `0 − ε1 − ε2, `1 − ε3 − ε4 }. E?(X) = { ε1, ε2,
ε3, ε4, `0 − ε3, `0 − ε4, `1 − ε1, `1 − ε2, }. F?(X) = { `0, `1, `0 + `1 − ε1 − ε3,
`0 + `1 − ε2 − ε4, `0 + `1 − ε1 − ε4, `0 + `1 − ε2 − ε3 }.
9. (2A1, A1 + 2A1). CH1 cyclide. B(X) = { `0 − ε1 − ε3, `0 − ε2 − ε4, `1 − ε1 − ε2 }.
E?(X) = { ε1, ε2, ε3, ε4, `1 − ε3, `1 − ε4 }. F?(X) = { `0, `1, `0 + `1 − ε3 − ε4,
`0 + `1 − ε1 − ε4, `0 + `1 − ε2 − ε3 }.
10. (2A1, 2A1+2A1). CO cyclide/spindle cyclide. B(X) = { `0 − ε1 − ε2, `0 − ε3 − ε4,
`1 − ε1 − ε3, `1 − ε2 − ε4 }. E?(X) = { ε1, ε2, ε3, ε4 }. F?(X) = { `0, `1,
`0 + `1 − ε1 − ε4, `0 + `1 − ε2 − ε3 }.
11. (2A1, 4A1). ring cyclide. B(X) = { `0−ε1−ε3, `0−ε2−ε4, `1−ε1−ε4, `1−ε2−ε3 }.
E?(X) = { ε1, ε2, ε3, ε4 }. F?(X) = { `0, `1, `0 + `1 − ε1 − ε2, `0 + `1 − ε3 − ε4
}.
12. (2A1, 2A1). Perseus cyclide. B(X) = { ε1−ε3, ε2−ε4 }. E?(X) = { ε3, ε4, `0−ε1,
`0 − ε2, `1 − ε1, `1 − ε2, `0 + `1 − ε1 − ε2 − ε3, `0 + `1 − ε1 − ε2 − ε4 }. F?(X) = {
`0, `1, `0 + `1 − ε1 − ε2, 2`0 + `1 − ε1 − ε2 − ε3 − ε4, `0 + 2`1 − ε1 − ε2 − ε3 − ε4,
`0 + `1 − ε1 − ε3, `0 + `1 − ε2 − ε4 }.
13. (2A1, A3). EY cyclide. B(X) = { `0 − ε1 − ε2, ε1−ε3, ε2−ε4 }. E?(X) = { ε3, ε4,
`1 − ε1, `1 − ε2 }. F?(X) = { `0, `1, `0 + 2`1 − ε1 − ε2 − ε3 − ε4, `0 + `1 − ε1 − ε3,
`0 + `1 − ε2 − ε4 }.
14. (2A1, A3+2A1). CY cyclide/horn cyclide. B(X) = { `0 − ε1 − ε2, ε1− ε3, ε2− ε4
`1 − ε1 − ε3, `1 − ε2 − ε4 }. E?(X) = { ε3, ε4 }. F?(X) = { `0, `1 }.
Proof. The idea of the proof is to make a case distinction on all possible
unimodular involutions σ∗ : N(X) −→ N(X) up to conjugacy, as listed in
Lemma 3. By Lemma 1, X is a weak del Pezzo surface and thus the (complex)
blowup of P1×P1 in 4 points that lie in almost general position. The position
of the centers of blowup is determined by B(X) ⊂ N(X). For fixed σ∗, we go
through all possible choices for B(X) such that σ∗(B(X)) = B(X). Data 1, 2
and 3 of Neron-Severi lattice N(X) as specified in Definition 1 is determined
by (1), h = −k = 2(`0 +`1)−ε1−ε2−ε3−ε4 and Lemma 3 respectively. The
set B(X) ⊂ N(X) with data 1, 2 and 3 of Definition 1 determines data 4 by
[18, Lemma 1]. Thus by classifying all possible B(X) for each σ∗ as listed in
Lemma 3, we are in fact classifying all possible Neron-Severi lattices N(X)
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up to isomorphism. Recall that by Lemma 2, the sets F?(X) and E?(X) are
uniquely determined by B(X) and we have that G(X) = FR(X).
By Lemma 3 the induced real structure σ∗ : N(X) −→ N(X) has type either
2A1, 3A1 or D4. We make a case distinction.
Suppose that σ∗ is of type D4 with G(X) as stated in Lemma 3.5. We find
that σ∗(εi − εj) = εj − εi and σ∗(`1 − εi − εj) = −`1 + εi + εj. Moreover,
with f := 2`0 + `1 − ε1 − ε2 − ε3 − ε4 one has f · (`0 − εi − εj) < 0 and
f · (`0 + `1 − ε1 − ε2 − ε3 − ε4) < 0 for all 1 ≤ i < j ≤ 4. Since we require
that |G(X)| ≥ 2 it follows that B(X) = ∅ so that the singular type of X can
only be (D4, A0).
In the remainder of the proof we assume that σ∗ is of type 2A1 or 3A1.
We consider P4 as a complex blow up of P1×P1 in basepoints p1, p2, p3 and p4
such that N(X) = 〈`0, `1, ε1, ε2, ε3, ε4〉Z as in (1). We assume that `i−1 is the
class of the pullback of the general fiber of pii : P1 × P1 −→ P1 for i ∈ {1, 2}.
The remaining generators (εi)i are the pullback of exceptional curves that
contract to (pi)i. Under these assumptions, it follows from Lemma 2a that
if r ∈ B(X), then r must — up to permutation of (εi)i — be either one of
the following cases:
(C1) `i−1 − ε1 − ε2: p1 and p2 lie in the same fiber of pii for i ∈ {1, 2},
(C2) ε1 − ε2: p2 lies infinitely near to p1,
(C3) `0 + `1 − ε1 − ε2 − ε3 − ε4: p1, . . . , p4 lie on a curve of bidegree (1,1).
We first consider case (C1), then cases (C1) and (C2) and finally all cases:
(C1), (C2) and (C3).
In order to list all possible configurations for case (C1) we consider the fol-
lowing restrictions:
• Let (a, b) := ( |pi1(P )|, |pi2(P )| ) where P := {p1, p2, p3, p4}. We require
that a, b ≥ 2, since at most two basepoints are allowed to lie in the same
fiber. We do not distinguish between (a, b) and (b, a) so that (a, b) ∈ {
21
(4,4) (3,4) (2,4) (3,3) (2,3) (2,2)
(2A1, A0) (2A1, A1) (2A1, 2A1) (2A1, A2) (2A1, A1 + 2A1) (2A1, 2A1 + 2A1)
(3A1, A0)
(2A1, 2A1) (3A1, A2) (2A1, 4A1)
Table 4: Configurations of four basepoints that are not infinitely near and
compatible singular types such that |G(X)| ≥ 2.
(4,4), (3,4), (2,4), (3,3), (2,3), (2,2) }.
• Fibers that contain two non-conjugate basepoints come in pairs.
• There are no real basepoints, otherwise X would contain a real line by
Lemma 2b.
We can visualize the complex blowup of P1 × P1 as a square such that hori-
zontal and vertical line segments in the square correspond to the fibers of pi1
and pi2 respectively. If σ∗ is of type 2A1, then the real structure acts on this
square by sending horizontal line segments to horizontal line segments and
vertical line segments to vertical line segments. If σ∗ is of type 3A1, then
horizontal line segments are send to vertical line segments and vice versa. A
pair of complex conjugate basepoints is depicted by either two squares or two
circles. The pullback of a fiber that contains two basepoints is contracted
via the birational morphism P4 −→ X to an isolated singularity.
Table 4 lists the possible configurations for case (C1). For each configuration
we can determine all compatible singular types such that |G(X)| ≥ 2. For
example, in the 5th diagram of the top row, B(X) = { `0− ε1− ε3, `0− ε2−
ε4, `1 − ε1 − ε2 }. If σ∗ has type 2A1, then it follows from Lemma 3.5 that
G(X) = { `0, `1, `0 + `1 − ε3 − ε4 }, since the remaining candidate classes
have negative intersection product with some class in B(X). Notice that σ∗
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(2A1, 2A1) (2A1, A3) (2A1, A3 + 2A1) (2A1, 4A1) ××
Table 5: Configurations of four basepoints that are infinitely near and com-
patible singular types such that |G(X)| ≥ 2.
does not have type 3A1 as we require that σ∗(B(X)) = B(X). It follows
that the singular type of this configuration can only be (2A1, A1 +2A1). The
other cases are similar.
We now also include case (C2) so that basepoints are allowed to be infinitely
near. The additional configurations are listed in Table 5. We denote an
infinitely near basepoint as an overlapping square. If the infinitely near
basepoint lies additionally on the same fiber, then the overlapping square lies
in the horizontal or vertical direction of the basepoint as in the two rightmost
diagrams of Table 5. Since none of the basepoints are real, infinitely near
basepoints must come in complex conjugate pairs. As before we determine
for each configuration all compatible singular types such that |G(X)| ≥ 2.
For example, in the rightmost diagram of Table 5, B(X) = { `0 − ε1 −
ε3, `1 − ε2 − ε4, ε1 − ε3, ε2 − ε4 }. Since we require that σ∗(B(X)) = B(X)
it follows that X has singular type (3A1, A2 + 2A1). By Lemma 3.5 we have
G(X) = { `0 + `1− ε1− ε2, `0 + `1− ε3− ε4 }. We arrived at a contradiction,
because `0 + `1 − ε3 − ε4 has negative intersection product with elements
in B(X) so that G(X) = ∅. We discard this configuration by adding the
××-symbol. The other cases are similar.
Notice that in both Table 4 and Table 5 there are configurations such that X
has singular type (2A1, 4A1). These two cases are the same, in the sense that
there exists an isomorphism between their associated Neron-Severi lattices.
For the first configuration we have that B(X) = { `0−ε1−ε3, `0−ε2−ε4, `1−
ε1 − ε4, `1 − ε2 − ε3 }. We now apply the isomorphism µ : N(X)
∼=−→ N(X)
defined by (`0, `1, ε1, ε2, ε3, ε4) 7→ (`0 + 2`1 − ε1 − ε2 − ε3 − ε4, `0 + `1 − ε3 −
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ε4, `0− ε4, `0− ε3, `1− ε2, `1− ε1). Via µ we recover the second configuration
with infinitely near basepoints: µ(B(X)) = { `1− ε1− ε3, `1− ε2− ε4, ε1−
ε3, ε2 − ε4 }. Alternatively, we can determine that the associated Neron-
Severi lattices are isomorphic by computing their Cremona invariants [18,
Proposition 2]. Similarly, we find that singular type (2A1, 2A1) defines N(X)
uniquely up to isomorphism.
Finally, we include case (C3) where all four basepoints lie on a curve of
bidegree (1,1). We go through each of the configurations for cases (C1) and
(C2), but we now assume that `0 + `1 − ε1 − ε2 − ε3 − ε4 is an additional
element in B(X). As before we consider all possible candidates for elements
in G(X) as listed in Lemma 3.5. We find that |G(X)| < 2, except if X has
singular type (2A1, A1) or (3A1, A1). All configurations where X has singular
type (2A1, A1) are isomorphic in the sense that their associated Neron-Severi
lattices are isomorphic. Thus the only new singular type is (3A1, A1) with
B(X) = { `0 + `1 − ε1 − ε2 − ε3 − ε4 }.
At this point we obtained a list of 14 isomorphisms classes of Neron-Severi
lattices. It is left to match these isomorphism classes to their names as
discusses in Remark 1. The 1S cyclide and 2S cyclide follow from [31, Corol-
lary 3.2]. Suppose that G ⊆ B(X) is a component such that σ∗(G) = G.
By Lemma 2[a,c], X has in this case a real isolated singularity and stereo-
graphically projects to a quadric surface. We match the families of complex
and real circles of X with the table of Proposition 2 by using Lemma 2.
The #lines-entry denotes the number of classes in FR(X) that have nonzero
intersection with some class in component G. The #circles-entry denotes to
the number of classes in FR(X) that do not meet a class in component G.
The #f(C)-entry denotes |F?(X)|. For example, if X ⊂ S3 has singular type
(3A1, A1), then
• G := B(X) = { `0 + `1 − ε1 − ε2 − ε3 − ε4 } and
• F?(X) = { `0, `1, `0 + `1 − ε1 − ε2, `0 + `1 − ε3 − ε4, `0 + `1 − ε1 − ε3,
`0 + `1 − ε2 − ε4, `0 + `1 − ε1 − ε4, `0 + `1 − ε2 − ε3 }.
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The classes in FR(X) have intersection zero with the element in G so that
#circles=2 and #lines=0. It follows from Proposition 2 that X stereo-
graphically projects to a quadric with name either EH2, NE or EP. Since
#f(C) = |F?(X)| = 8 we can exclude EP. The remaining cases are similar
so we conclude the proof of this lemma.
Theorem 3. (classification of celestial surfaces)
The singular type of a celestial surface X ⊆ Sn determines its Neron-Severi
lattice N(X) up to isomorphism and is either one of the 19 cases enumerated
below. We include for each case the sets B(X), E?(X), F?(X) ⊂ N(X), where
a listed class is send by σ∗ to itself if underlined and is send to its neighbour
otherwise. See Lemma 2 for a geometric interpretation of the listed classes.
See Lemma 3 for an explicit description of σ∗ acting on basis (1).
i. The pair of Veronese X is (L9,−23k) and its singular type is (A0, A0)
with B(X) = E?(X) = ∅ and F?(X) = { e0 }.
ii. The pair of X ∼= S2 is (P8,−12k) and its singular type is (A1, A0) with
B(X) = E?(X) = ∅ and F?(X) = { `0 + `1 }.
iii. The pair of X is (P8,−k) and its singular type is (A1, A0) with B(X) =
E?(X) = ∅ and F?(X) = { `0, `1 }.
iv. The pair of X is (P6,−k) and its singular type is either
1. (A′1, A0). dP6. B(X) = ∅. E?(X) = { ε1, ε2, `0−ε1, `0−ε2, `1−
ε1, `1 − ε2 }. F?(X) = { `0, `1, `0 + `1 − ε1 − ε2 }.
2. (A′1, A1). weak dP6. B(X) = { `0 − ε1 − ε2 }. E?(X) = { ε1, ε2, `1−
ε1, `1 − ε2 }. F?(X) = { `0, `1 }.
v. The pair of X is (P4,−k) and its singular type is as in Lemma 4[1-14].
Proof. We make a case distinction on the pair of X as classified in Lemma 1.
Cases i, ii and iii are straightforward and left to the reader. Case v follows
from Lemma 4. For the proof of case iv we follow the proof of Lemma 4
and use the same notation. Up to conjugacy, the unimodular involution
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σ∗ : N(X) −→ N(X) is defined by Lemma 3.4 and is of type A′1. We list all
possible configurations for centers of blowup p1, p2 ∈ P1 × P1. These base-
points must be non-real complex conjugate, since we require that ER(X) = ∅
by Lemma 2b. It follows that the basepoints are not infinitely near so that




Table 6: Configurations of two basepoints in P1×P1 and compatible singular
types such that |G(X)| ≥ 2.
the basepoints are in general position so that B(X) = ∅. In the right con-
figuration both complex conjugate basepoints lie on the same fiber so that
B(X) = { `0 − ε1 − ε2 }. It follows from Lemma 2 that E?(X) and F?(X)
are as asserted for both singular types. It is straightforward to verify that
both singular types define a unique isomorphism class for N(X) such that
the action of σ∗ on basis (1) is specified by Lemma 3.
Example 1. (ring cyclide)
The ring cyclide X ⊂ S3 has pair (P4,−k) and its Neron-Severi lattice is
specified at Lemma 4.11. In Figure 1 we see its stereographic projection.
The ring cyclide contains four complex conjugate lines with classes ε1, ε2, ε3
and ε4. Although ε1 ·ε3 = 0, the lines ε1 and ε3 meet in an isolated singularity
with class `0−ε1−ε3. The class of a Villarceau circle is either `0+`1−ε1−ε2 or
`0+`1−ε3−ε4. We verify that these classes add up to the class of hyperplane
sections −k. Indeed, we obtain Villarceau circles if we intersect the cyclide
with a hyperplane that is double tangent to the surface. The family of circles
with class `0 has basepoints at complex conjugate isolated singularities with
classes `1− ε1− ε4 and `1− ε2− ε3. The fourth family of circles with class `1
has basepoints as well. A Villarceau circle intersects a non-Villarceau circle
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in one point, since (`0 + `1 − ε1 − ε2) · `i = 1 and (`0 + `1 − ε3 − ε4) · `i = 1
for i ∈ {0, 1}. C
Remark 3. (automatic generation of classification)
The list for Theorem 3v (which refers to Lemma 4) is listed in rows 53, 55, 57,
58, 61, 62, 63, 66, 67, 70, 71, 72, 74 of [18, Table §8.4]. These are exactly the
rows where deg(X) = 4, #ER(X) = 0 and #G(X) ≥ 2. It follows from [18,
Theorem 4] that the Neron-Severi lattice of a quartic weak del Pezzo surface
in P4 without real lines and at least two families of conics, is isomorphic to
the Neron-Severi lattice of some celestial surface in S3. The Neron-Severi
lattices of Theorem 3[i,ii,iii,iv1,iv2] correspond to rows i, ii, ii, 9, 11 in [18,
Table §8.4] respectively. The classification in the table of [18] is generated
automatically and we could have used this result to shorten the proof of
Theorem 3. However, our independent proof without computer resulted in
an explicit description of centers of blowup in P1 × P1 (see Table 4, Table 5
and Table 6). This description will allow us in §7 to construct examples of
celestial surfaces of given celestial type. A similar proof by hand for weak del
Pezzo surfaces of lower anticanonical degree, would be an astronomial task
and therefore this process was automated in [18]. C
Remark 4. (families of Mo¨bius equivalence classes)
In Proposition 2 we classified quadric surfaces into 24 families of normal forms
for Euclidean similarity classes. We know from Theorem 3v that the inverse
stereographic projections of any two quadrics in such a family have isomor-
phic Neron-Severi lattices. Moreover, except for NE and EH2 in Lemma 4.3,
the inverse stereographic projection of quadrics in different families have non-
isomorphic Neron-Severi lattices. It follows from Remark 2 that, in these
cases, the isomorphism class of a Neron-Severi lattice represents a natural
family of Mo¨bius equivalence classes. C
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7 Construction
We make a case distinction on the singular types i, ii, iii, iv1, iv2 and v1-v14 in
Theorem 3. For each singular type and given n ≥ 2, we present a construction
of a celestial surface X ⊆ Sn with given singular type. An implementation
for these constructions can be found at [19, orbital]. Notice that case ii is
trivial, since X is S2 in this case.
[iii,iv,v5-v14]. The linear normalization XN ⊂ Pm of X in these cases
admits a parametrization µ : P1 × P1 99K XN ⊂ Pm of bidegree (2,2). The
possible configurations for the basepoints can be found in Table 4, Table 5 and
Table 6. We use [17, Algorithm 2] to construct µ as a linear series of curves
of bi-degree (2,2) in P1 × P1 that pass through the basepoints. For example,
if X has singular type iv2, then we require that the two complex conjugate
basepoints lie in the same fiber as in the right configuration of Table 6. We
compute the ideal I(XN) ⊂ R[y0, . . . , y6] using Gro¨bner basis implicitization






with random coefficients ci ∈ Q, until q has signature (n + 1, 1). If such q
with given signature exists, then we find it within a few minutes. Let Q ⊂ Pm
denote the hyperquadric defined by the zeroset Z(q). We define ρ : Pm 99K
Pn+1 to be the linear projection whose center coincides with the singular locus
of Q, or ρ is the identity map in case Q is smooth. Thus ρ(X) ⊂ ρ(Q) ⊂ Pn+1
and ρ(Q) is a smooth quadric of signature (n + 1, 1). We diagonalize the
matrix of ρ(Q) and obtain a projective isomorphism ν : Pn+1 −→ Pn+1 so
that (ν ◦ ρ)(Q) = Sn. It follows that (ν ◦ ρ)(X) ⊂ Sn is a celestial surface
with given singular type and given n > 2. We list in Table 10 examples for
µ, ρ and M := ρ(Q) for singular types iii and iv with n > 3.
[i]. The Veronese surface XN of type (∞, 4, 4) can be constructed as before,
but with µ : P2 −→ XN ⊂ P5 defined by all forms of degree 2.
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[v1-v4]. The quartic surface X ⊂ S3 is in case v1 and v2 the inverse stere-
ographic projection of a quartic surface Z ⊂ P3 that contains the Euclidean
absolute conic with multiplicity two. If (c1, c2, c3, c4) equals (8, 2, 2, 2) or
(8, 2, 2,−2), then
Z := { x ∈ P3 | (x21 + x22 + x23)2 − x20(c1x21 − c2x22 − c3x23 − c4x20) = 0 },
is the stereographic projection of a celestial surface with singular type (3A1, A0)
and (D4, A0) respectively. In cases v3 and v4 the quartic surface X ⊂ S3 is
the inverse stereographic projection of a quadric surface with name E, EH2
or EP as listed in Proposition 2.
Alternatives approaches. See [29] for a systematic overview of implicit
equations for Darboux cyclides. See [20] for a kinematic construction of Dar-
boux cyclides. See [14, (23.6), (23.7)] for an implicit equation of a Veronese
surface X ⊂ S4. An alternative parametrization for a surface of type (2, 8, 7)
is as follows:
µ : [0, 2pi〉2 −→ XN ⊂ S7
(α, β) 7→ (1 : cosα : sinα : cos β : sin β
: cos(α + β) : sin(α + β) : cos(α− β) : sin(α− β)).
We can construct surfaces of type (2, 8, 3) by considering S3 as the projective
closure of the unit quaternions. The pointwise product of two circles in the
unit quaternions has celestial type either (4, 4, 3) if both circles are great (see
Figure 1) or (2, 8, 3) otherwise (see Figure 3). If we take the pointwise sum
of two circles in R3, then we obtain a surface of Euclidean type (4, 0) (see
Figure 4). By Proposition 1 the inverse projection of the latter surface has
celestial type (2, 8, 3). It follows from [26, Theorem 1.1] that all surfaces of
celestial type (2, 8, 3) can be constructed as such a pointwise sum or product.
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8 Celestial types and Euclidean types
In this section we prove the results stated in §1. Recall that the celestial
type of a λ-circled surface X ⊆ Sn of degree d is defined as T(X) = (λ, d, n).
Lemma 5. (impossible celestial types)
If X ⊆ Sn is a celestial surface, then T(X) /∈ {(2, 6, 3), (3, 6, 3), (∞, 4, 3)}.
Proof. Suppose by contradiction that T(X) ∈ {(2, 6, 3), (3, 6, 3)}. By The-
orem 3 we are in case iv1 or iv2 so that the pair of X is (P6,−k). Notice
that −k = 2(`0 + `1) − ε1 − ε2 is the class of hyperplane sections and thus
degX = (−k)2 = 6. The geometric genus of a general hyperplane section
of X ⊂ S3 is by the arithmetic genus formula equal to pa(−k) = 1. If
τ : S3 99K P3 is the stereographic projection with center outside X, then
τ(X) has by Proposition 1 Euclidean type (6, 3). Thus τ(X) contains the
Euclidean absolute conic U3 ⊂ P3 with multiplicity three. A general hyper-
plane section of τ(X) is a planar curve C ⊂ P3 of arithmetic genus 10. The
planar section C is by generality and Bertini’s theorem, singular at exactly






where the delta invariant δp(C) of a smooth point p ∈ C is equal to zero.
Thus the delta invariants of the singular points in C must add up to 9. The
absolute conic is a component of the singular locus and accounts for an even
sum of delta invariants, namely either 2, 4, 6 or 8. It follows that that the
singular locus of τ(X) must have a component D ⊂ X of degree 7, 5, 3 or 1
respectively. By Bezout’s theorem, D intersects the hyperplane at infinity —
and thus the Euclidean absolute conic U3 — in an odd number of points. We
arrived at a contradiction, for D can only intersect U3 in non-real complex
conjugate points.
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Suppose by contradiction that T(X) = (∞, 4, 3). We use the same argument
as before. By Theorem 3 the pair of X is (L9,−23k) with k = −3e0 and
pa(−23k) = 0. We choose the center of stereographic projection τ outside
X ⊂ S3 so that τ(X) has by Proposition 1 Euclidean type (4, 2). The
arithmetic genus of a general hyperplane section of τ(X) is equal to 3, so the
singular locus of τ(X) contains a component of degree one. We arrived at a
contradiction for the same reason as before.
Proof of Theorem 1. Suppose that celestial surface X ⊆ Sn has celestial type
T(X) = (λ, d, n). Let Y denote the smooth model of X and let h be the class
of hyperplane sections. Theorem 3 lists all possible pairs (Y, h) together with
FR(X). The linear normalization XN ⊂ Ph0(h)−1 is not the linear projection
of a surface. It follows that λ = |FR(X)|, d = h2 and n ≤ h0(h) − 2.
We compute h0(h) using Riemann-Roch theorem and Kawamata-Viehweg
vanishing theorem. If X has singular type as in case i, ii, iii, iv and v of
Theorem 3, then h0(h)−2 is 4, 2, 7, 5 and 3 respectively. Theorem 1 lists all
possible celestial types for each singular type except for the celestial types
(2, 6, 3), (3, 6, 3) and (∞, 4, 3) that are excluded by Lemma 5. We constructed
an example for each of the asserted celestial types using the methods in §7.
This concludes the proof of the theorem.
Proof of Corollary 3. Direct consequence of Theorem 1 and [18, Corollary 1].
See [18, Definition 2] for the definition of hexagonal webs.
Proof of Corollary 2. Recall from §2 that Rn ⊂ Sn and a line in Rn is con-
tained in a circle in Sn that meets the point p∞ ∈ Sn \Rn. Thus we need to
classify celestial surfaces X ⊆ Sn that contain a real point q ∈ X such that
X contains infinitely many circles that meet q. In this case we may assume,
up to Mo¨bius transformation, that q = p∞. If X is ∞-circled, then we can
choose q ∈ X arbitrary. It follows from Lemma 2[a,c] that a 1-dimensional
family of circles has a real basepoint q ∈ X if and only if the class of this fam-
ily has nonzero intersection with a class in a component G ⊆ B(X) ⊂ N(X)
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such that σ∗(G) = G (this was also used in the proof of Lemma 4). Such a
basepoint q ∈ X coincides with an isolated singularity of X with algebraic
multiplicity at least two (see for example [8, Section 8.1.2]). This corollary
is now a direct consequence of Theorem 3 and Theorem 1.
Proof of Corollary 1. Celestial surfaces X ⊆ Sn that are not the linear pro-
jection of a surface in Pn+2 are equal to their linear normalization XN as
defined in §4. This corollary is now a straightforward consequence of Theo-
rem 3 and Theorem 1.
Lemma 6. (impossible Euclidean types)
If S ⊂ R3 contains two circles through a general real point, then S is not of
Euclidean type (5, 1).
Proof. Suppose by contradiction that S has Euclidean type (5, 1). Let Z ⊂
P3 denote the projective closure of S. By [24, Proposition 1], Z is a quintic
weak del Pezzo surface. Thus N(Z) = 〈`0, `1, ε1, ε2, ε3〉Z as in (1) and h =
−k = 2(`0 + `1) − ε1 − ε2 − ε3. If C ⊂ Z is a conic, then [C] ∈ F (Z) and
h0([C]) = 2, by [18, Proposition 3]. Notice that [U3] ∈ F (Z) where U3 ⊂ Z
is the Euclidean absolute. Recall from §2 that a circle is by definition a conic
that intersects the Euclidean absolute in two different points. Using [15,
Algorithm 1] we find that F (Z) ⊆ { `0, `1, `0 + `1− εi− εj | 1 ≤ i < j ≤ 3 }.
Thus there do not exists a, b, u ∈ F (Z) such that a · u = b · u = 2. It follows
that two families of conics in Z each have a basepoint on U3. Such basepoints
correspond to components of B(Z). Since U3 has no real points, we require
that B(Z) consists of at least two components and that σ∗ : N(Z) −→ N(Z)
is not the identity. By [18, Theorem 4] the Neron-Severi lattice N(Z) is
defined by one of rows 15-26 in [18, Table §8.4 where #G(X) = |F (Z)|]. We
arrived at a contradiction, since if B(Z) has at least two components, then
either |F (Z)| = 1 or σ∗ is the identity.
Proof of Theorem 2. Let Z ⊂ P3 denote the projective closure of S ⊂ R3.
Recall from §2 the stereographic projection τ : S3 99K P3 so that X := τ−1(Z)
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is a celestial surface. Since Z has Euclidean type (d, c), it follows from
Proposition 1 that X has celestial type (λ, 2(d − c), 3). By Theorem 1 the
celestial type of X is either (λ, 4, 3) for 2 ≤ λ ≤ 6, (2, 8, 3) or (∞, 2, 2). If τ
is a stereographic projection whose center p ∈ X is of multiplicity m, then
deg τ(X) = 2(d − c) −m. Thus the table of the theorem lists all Euclidean
types except for (5, 1). Euclidean type (5, 1) is excluded by Lemma 6. We
constructed an example for each listed type by using the methods of §7.
We classified celestial surfaces up to their Neron-Severi lattice. From this
classification we recovered all possible singular types, celestial types and Eu-
clidean types of celestial surfaces. Our methods also apply if we consider
instead of the Mo¨bius quadric a hyperquadric with a different signature.
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9 Tables and figures
Celestial type Singular locus Description
(2, 8, 7) ∅ double Segre surface
(2, 6, 5) A1 weak dP6
(3, 6, 5) ∅ dP6
(∞, 4, 4) ∅ Veronese surface
(2, 4, 3) ∅ 1S cyclide or 2S cyclide
A1 NE cyclide or EH2 cyclide
A2 EP cyclide or HP cyclide
A1 + A1 + A1 + A1 CO cyclide
A3 + A1 + A1 CY cyclide
(3, 4, 3) A1 + A1 EO cyclide
A1 + A1 + A1 CH1 cyclide
A3 EY cyclide
(4, 4, 3) A1 EH1 cyclide
A1 + A1 + A1 + A1 ring cyclide
(5, 4, 3) A1 + A1 Perseus cyclide
(6, 4, 3) ∅ Blum cyclide
(∞, 2, 2) ∅ 2-sphere
Table 7: See Corollary 1. Classification of types and singular loci of ce-
lestial surfaces that are not the linear projection of a surface. We use the
following notation for isolated surface singularities: A1 = node, A2 = cusp,
A3 = tacnode. We underline if the singularity is real (for example A1). See
Remark 1 for the names of the surfaces.
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n degree #circles #lines Description
2 1 ∞ ∞ plane
3 2 2 2 EH1
3 2 1 2 CH1
3 2 2 1 EO or EY
3 2 1 1 CO or CY
4 3 ∞ 1 projection of Veronese of type (∞, 4, 4)
4 4 1 1 projection of weak dP6 of type (2, 6, 4)
5 4 1 1 projection of weak dP6 of type (2, 6, 5)
Table 8: See Corollary 2. Classification of surfaces in Rn that contain
a line and a circle through a general point. The degree-header stands for
the degree of the surface in Rn. The headers #circles and #lines denote
the number of circles and lines through a general point respectively. See
Notation 1 and Remark 1 for the description column. With “projection” is
meant some stereographic projection of a surface in Sn such that the center
of projection is contained in this surface. The center of projection is of




spindle cyclide horn cyclide CH1 cyclide
Figure 2: Darboux cyclides in S3. See Remark 1 for the names and see
Theorem 3v for a complete list. See [23, Figure 12] for images of 1S cyclides
and 2S cyclides.
36
weak dP6 (2, 6, 5)
dP6 (3, 6, 5) Veronese surface (∞, 4, 4)
Clifford translational surface (2, 8, 3)
Figure 3: Celestial surfaces that are not Darboux cyclides. Except for the
Clifford translational surface, the depicted surfaces cannot be realized as a
union of circles in 3-space (see Theorem 1). The circles on the del Pezzo
surface of degree 6 (dP6) and Veronese surface form hexagonal webs of circles




Figure 4: Euclidean types of stereographic projections of some fixed celestial
surface of type (2, 8, 3) ( see Theorem 2). The surface of Euclidean type (4,0)
is an Euclidean translational surface.
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3 yes 0 0 ∞ point-3
αx21 + βx
2
2 − x23 + x20 no 2 0 8 EH2
αx21 + αx
2
2 − x23 + x20 no 1 0 5 CH2
αx21 + βx
2
2 − x23 − x20 no 2 2 8 EH1
αx21 + αx
2
2 − x23 − x20 no 1 2 5 CH1
αx21 + βx
2
2 − x23 yes 2 1 7 EO
αx21 + αx
2
2 − x23 yes 1 1 4 CO
γx21 + x
2
2 + x3x0 no 2 0 6 EP
αx21 + αx
2
2 + x3x0 no 1 0 3 CP
γx21 + x
2
2 − x20 yes 2 1 5 EY
αx21 + αx
2










0 yes 0 0 2 point-5
αx21 − x22 + x3x0 no 0 2 6 HP
αx21 − x22 − x20 yes 0 1 5 HY
αx21 + x0x2 yes 0 1 1 PY
Table 9: See Proposition 2. We include the number of circles and lines
through a general point of Q = { x ∈ P3 | q(x) = 0 } and we assume that
α, β, γ ∈ R>0 with α 6= β and γ 6= 1. The #f(C) column denotes the number
of lines and circles in Q through a general point over C. We use Notation 1.
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# singular type iv2 and celestial type (2,6,5)




# singular type iv2 and celestial type (2,6,4)




Table 10: See §7. Certificates for the existence of celestial surfaces X ⊂ Sn
with given singular type and n ≥ 4. The bi-degree (2,2) parametrization
µ : P1 × P1 99K XN ⊂ Pm of the linear normalization XN is defined by u. If
X has celestial type (2, 8, n), then µ is basepoint free. If X has celestial type
(3, 6, n) or (2, 6, n), then the basepoints are {(1 : −i; 1 : i), (1 : i; 1 : −i)}
and {(1 : i; 1 : 0), (1 : −i; 1 : 0)} respectively (see Table 6). Matrix R
defines a linear projection ρ : Pm 99K Pn+1 and symmetric matrix M defines a
hyperquadric M ⊂ Pn+1. The existence of X with given celestial type, follows
from verifying with a computer algebra system that M has signature (1, n+1)
and that the image of ρ ◦ µ is contained in M .
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